A corrected derivation of nonlinear wave propagation equations with fractional loss operators is presented. The fundamental approach is based on fractional formulations of the stress-strain and heat flux definitions but uses the energy equation and thermodynamic identities to link density and pressure instead of an erroneous fractional form of the entropy equation as done in Prieur and Holm ["Nonlinear acoustic wave equations with fractional loss operators," J. Acoust. Soc. Am. 130(3), 1125-1132 (2011)]. The loss operator of the obtained nonlinear wave equations differs from the previous derivations as well as the dispersion equation, but when approximating for low frequencies the expressions for the frequency dependent attenuation and velocity dispersion remain unchanged.
I. INTRODUCTION
Fractional derivatives introduced in physical models can describe sound attenuation in complex media. When introduced into the constitutive equations, they build a wave equation in which attenuation obeys a frequency power law 1 characteristic of many media. 2 Fractional derivatives have also been shown to be closely related to the multiple relaxation model of Nachman et al. 3, 4 This paper builds on an article from Prieur and Holm 5 that derives nonlinear wave equations with fractional loss operators and presents a corrected derivation. More precisely, it uses the same fractional models for the stress-strain relation and the heat flux definition, but instead of establishing a fractional form of the entropy equation, it uses the energy equation together with the appropriate generic thermodynamic identities to express the density as a function of pressure using fractional derivatives.
The reason why we prefer this alternative approach is as follows. In media where the stress tensor and heat flux are described by the fractional Kelvin-Voigt model and the fractional Fourier's law, respectively, using the conventional entropy equation may result in a negative entropy production rate. This situation is different from that of the classical Navier-Stokes and Fourier equations, where the use of the conventional Gibbs definition of the entropy results in a positive entropy production rate. Consequently, in general the conventional local equilibrium hypothesis which is used for Newtonian fluids does not work here, and an extension of the conventional irreversible thermodynamics approach is required. Although non-equilibrium thermodynamics is a vibrant and rapidly expanding field of research, 6 to the authors' knowledge, there exists no such extended thermodynamic model for the above mentioned fractional constitutive equations in the literature. Derivation of fractional wave equations directly from the equations of mass, momentum, and energy conservation alleviates the indeterminacy of the entropy equation, to a certain extent.
This more physically straightforward approach leads to a different form for the fractional loss operator and for the dispersion relation than in Ref. In the first part of this paper, we recall the fractional constitutive equations. We then derive an expression of the density as a function of pressure using fractional derivatives and explain why it is more rigorous than the approach used in Ref. 5 . Finally, the corrected form of the nonlinear wave equations with fractional loss operators are presented.
II. FRACTIONAL CONSTITUTIVE EQUATIONS
The approach in the article by Prieur and Holm, 5 which introduces fractional loss operators in nonlinear wave equations, is based on the fractional version of two constitutive equations. The first equation describes the relation between stress and the corresponding strain. It is a generalization of the Kelvin-Voigt model
where r is the stress, K is the Young's modulus, is the strain, and s r is the creep time. It is valid for low and intermediate frequencies. 1 Here @ c =@t c describes the fractional time-derivative of order c. The Caputo fractional derivative of order c of a function f is defined by
where n is an integer, 0 n À 1 < c < n, r ¼ c À n þ 1, and Cð1 À rÞ is the gamma function. The second constitutive equation defines the heat flux and is a generalization of the Gurtin-Pipkin model. It is written as
where q is the heat flux, T the absolute temperature, j is the thermal conductivity, I aÀ1 represents the fractional integral of order a À 1 and s th is a thermal relaxation time characteristic of the medium. The fractional integral of order a of a function f is defined by 7 
I
a ½f ðtÞ ¼ 1 CðaÞ
The first constitutive equation, Eq. (1), leads to a fractional form of the momentum equation
where v is the velocity vector, v ¼ jvj, g and f are the shear and bulk viscosity coefficients, respectively, q 0 ¼ q À q 0 , and p 0 ¼ p À p 0 represent the dynamic density and pressure, respectively, which describe small disturbances relative to the equilibrium values q 0 and p 0 . The second constitutive equation was used in Ref. 5 to get to a fractional form of the entropy equation. In the next sections, we show a more rigorous approach for this step.
III. THE PROBLEM OF THE ENTROPY EQUATION
A general form of the entropy equation as it appears in conventional fluid mechanics can be found by combining Eqs. (2.25) and (2.28) with the help of Eq. (2.29) from Ref. 8
where q is the density, s the specific entropy, and U represents the work of the dissipative stresses. For Newtonian fluids, U is strictly positive and guarantees a positive entropy production rate. However, in the case of a stress tensor defined using fractional derivatives as in Eq. (1), U is given by the following expression:
Cð1 À cÞ 
of the integral operator over time, here the expression for U can, in principle, be of any sign depending on the current value of t and the previous history of the system's time evolution. Generally speaking, this situation can be resolved by employment of the methods which constitute the subject of extended thermodynamics (see Ref. 6 for an in-depth discussion), where it is shown that an additional entropy production term must be present on the right-hand side of the entropy equation to compensate for the negative U and ensure that the rate of entropy production is positive. Detailed discussion of this theoretical approach can be found in Ref. 6 , and is omitted here both because it goes beyond the scope of this paper and due to its complexity.
In the absence of function U (e.g., in a stagnant fluid), the rate of entropy production which corresponds to the term À$ Á q may also become negative, implying that the entropy equation requires appropriate correction if the Gurtin-Pipkin model is used instead of the classical Fourier's law. For Cattaneo's law of heat conduction, which is a special case of the Gurtin-Pipkin model, the structure of this corrective term was worked out in Ref. 6 . However, to the best of our knowledge, it still remains unknown for the Gurtin-Pipkin model.
Neglecting U, the correcting terms that ensure a positive entropy production rate, and the term in v Á $s, we obtain the following version of the fractional entropy equation using Eq. (3): (8) is consistent with the second order accurate fractional wave equation derived by this alternative method.
IV. THE FRACTIONAL THERMODYNAMIC EQUATION OF STATE
The chosen alternative way of getting a fractional relation between density and pressure without using the entropy equation has its starting point in the following two thermodynamic identities, the caloric and thermodynamic equations of state, respectively:
T q dp
and dð1 = qÞ ¼ b dT q À dp q 2 c 2
where e is the specific internal energy, c p is the specific heat capacity at constant pressure, b is the coefficient of thermal expansion, and c T is the sound speed at constant temperature. Using Eqs. (9) and (10) in the conventional energy equation
we get
where U corresponds now to the work of dissipative stresses in the case of a fractional stress-strain relation. Replacing the heat flux by its fractional definition, Eq. (3), we get
Using Eq. (13) and the thermodynamic identities,
where c v is the specific heat capacity at constant volume, and c s is the sound speed at constant entropy, the thermodynamic equation of state, Eq. (10), can be rewritten
Assume now that the viscosities involved in the expression of U and the thermal conductivity j are small and that their contribution is of the same order of magnitude as the amplitude of the sound wave velocity. As U is proportional to a viscosity multiplied by the square of a velocity, it is of the third order and can be neglected in both Eqs. (13) 
Combining those two equations and using the identities in Eq. (14), we get
We then use an expansion of c 
Using the identity of equilibrium thermodynamics 
where L is the second order Lagrangian density defined as
and we use the notation of Ref. 5 . A second order approximation of the equation of continuity gives @q
